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C O N S I ’ H U C T I V E  F ’uN c ’rx oN THEORETIC METHOD S FOR

H IGIf E R O R DER PSEL ID OPAR A BOL I C E Q U A T I 0 N s

R.P. Gilbert and G.C. Hsjao

0. INTRODUCr ION

In this work we will develop a constructive method for solving

pseudoparabolic equations of order 2n in the plane. !~1ore ~recise1y,

we investigate equations of the form

(0.’) ~~[u) M [u~~] + L [ u J

where M and L are the respective elli ptic Operators

(0. ~) M [u] : + ~
k=l

p~q~ k p+q
~ a~~~(x,y) ~

p,q=o

and

(0.3) Llu) : A mU + 
k~ l ~~~~~~~~~ 

, m n

S . p+~~~k ~p+q
: L b~~~(x,y)

p,q~O lx ly

The coefficients of Mk ~k 
are taken , furthermore , to he anal ytic

functions of x and y for (x ,y) DC C 1 .

Recently, the integral operator methods of I3LRGMA N 2 ] and

VEKIJA [22], which have been very successful for developing repre-

sentations for solutions of elliptic equations in the plane , have

been e x t e n d e d  by Co1T ~~i to t r e a t  the  cases  of p a r a b o l i c  [ 9 ] and

second er d er  r~~ ’u d o p a r a b o 1 jc  e q u a t i o n s  [ 1 0 1  , [11 1 i n  t he  p l a n e .

DROWN , ~; I LH- RT and US I AO 8 and  PR ~~WN and  C’, I I I3l:RT ( 7 1 de v e  1 oped

,iti,i l o s  u ’~ t~ c u~~ues f o r  f o u r t h — o r d e r  pse ’u ‘,i r i1- ~~1 I C  ~~~~~~ 1 ( ‘I O ~ u S i nsJ

T h i s  r es e a r c h  w i  su ~’por t ed  in  p a r t  by t he  U .  S. .•\ ii F o rc e
Jt  f ice c’t S c i en t i f i c  !h st a r ch  t h r ou q h  A F — A 1 ’ ~~~ R C t . i  I ~~s ’ . 7 1, 2 8 7 9 ,
and n ‘ i i  t by t he  A l ex an d e r  von Hu m b o l d t  F o un d a t  i ,m

_
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respectively the methods of VEKUA and BERGMAN to treat elliptic

operators. BROWN 6 ), on the other hand , completed the study of

fourth—order , anal ytic , parabolic equations in two space variables.

Investigations concerning integral operators which generate

solutions to parabolic and pseudoparabolic equations in three and

four space dimensions have been made by RUNDELL (12), RUNDELL and

STECHER (13), and by BHATNAGAR and GILBERT 3 ), “{ 4 ) ,  5 ] .

Pseudoparabolic equations arise in a variety of physical prcb le~ s ,

such as the velocity of a non—steady flow of a viscous fluid [21 1 ,

the theory of seepage of homogeneous fluids through fissured r~~ck (1),

hydrostatic excess pressure during the consolid,ttion of clay 1 19 1,

and the stability of liquid filled shells [181, [21), [2t~~. G I I J 1 . D T

and ROACH are presently investigating the last ‘nt~ o~ eJ pro~~l~~m as

an application of some of the ideas presented in this c~ r rer t work.

I. THE FUNDAMENTAL SOLUTION

If the coefficients of as analytic functions ~ ‘f  x ,y

have an analytic extension to (z.z *) C D x D , 0’ : ( z :  ~ C 0)

where z = x + iy, z’ x — ly  , then M [u ] has a rep reren~ ation

(1.1) M [u) 
~ 

A k . , z )  1k+j0 , U(z ,z’) 

~~~ 
~J T )

k,j=o ~ 12 k.,~

with A nn 1. We assume also that t~~e op e r a t Cr  L h.t a a comp lex

form
n— l . k + I

( 1 . 2 )  1 ( 0 ]  : 
~ 

fl k . ( z . z ’) —
~~~~

—-.
~
-.-

k , j = o  ~ 1:

The ad j o in t  ope ra to r  to is  g i v e n  by ~~~~
‘

( 1 . 3)  M b ]  : M I C t. J - L ( U ]

with
n .

(1.4) S [I t l : (_ 1 )
}
~~J -_ ‘

~ -~~--- -—— ( t .
~~~~~~~ )

k ,j-~o 
‘5 .

n:I ~
( 1 . 5 )  I. 0 ]  : 

~ 
( — 1 )  ‘ 

~~~~~~~~~~ 

}~~] I ’ )
k ,j=o ‘
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A tunction S ot t h e  t O r m

(1. 6)  S (x ,y . t ; F , ~~ , t )  :~~ A (x ,y, t ;~,,g,t). Q.n + B (x,y,t;&,n,T)

w h e r e  r = ((x-r )
2 

+ (y—r ~)’(~ will be called a fundamental solution

of (1.1) it it satisties the ioliowiiig conditions

(c—i) As a function of (x ,y,t), S is .t solution of the adjoint

equation .t~L ( S I  = 0 and  is an analytic function of its argument

except at  r = 0 , w h e r e  A
n i S has  a logarithmic singularity.

( c -2 )  At  t he  p ar a m e t e r  p o i n t  x = 
~~~
, y fl we have

+ A
= 0 f o r  p+q i. 2 n —  3 , and ‘\ °~~~A 1 

=

3x~~Jy 1

(c— 3) A , i I ij  B are analytic functions of (x,y, t) at r = 0

and van i s h  a t  t = S

R e m a r k :  The above i m p l ie s  t h a t  A may be w r i t t e n  as

r2~~ ’A(x ,y,t;~~,n, T) with A regular at the parameter point . The

above notation is computationally easy to work with.

We intend to show that it is possible to develop the coefficients

A and B as analytic functions with the expansions

(1.7) A (z,,~* ,t ; t.A* , t )  = ~~~A .(z,z’;c ,~~’) 
(t TT)~

( t — ’ ) 3
(1. 8)  B ( z , z * , t ; , c * , T )  ~ B~~(z .z ’;~~~ t~’) —~-~---——

j= 1  J .

F u r t h e r m o re , we s ha l l  i d e n t i f y  A 1(z , z ’;~~ , Y )  as t he R i e m a n n

f u nc t  ion s 5 s~~t I ,‘~ ;1’ s ,nd  i l I ~ ; to t he  o p e r a to r  ~ . The o t h e r  coefficients

W i  11 be set’ri to sat i s f y homogeneous  G o u r sa t  c o n d i ti o n s  on z =

and z~ =

In s e r t i ng  ~~~~~~ in t o  )‘t (tJ J : M C I U t ) — L * I U I  0 we o b t a i n ,

a t t e r  some m a n i p u l a t i o n  o t  t e rms

( 1 . 9 )  ,‘ttsi ,~
( ( A J  tn  + + l~~ + = 0

-- . -- . . ~~5 - ’ 5 -~~~~~~~~~~~ • ’ ~~~~~~~~~~~~~ . . . . -. .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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w i t h

‘n : {~~~( n _ 1 ) !  
~~~~~~ ~

:-
~ 

(A .A
~~)} 

~~~~~~

+ 

~ j=° 
(A .A ~~)

( 1. 10)
n — i  f k  \ k + n  2 k + n — p

+ 

k~~p ~~ 
[_ l  ~~~~~~~~~~~

+ (A k . A t 
- B k . A ) 1  } -

l~~~~~~-n !

and

1* : 

{
~~ ( n _ i > !  

k!o 
(A k A t)

n — I . ~ \ n + ~k + n — q(
~ ( ] J k n  (A A >2 q= 1 n- q/ ~~~ Q ~~ k 1~~.n_ q  kn  t

(1.11)

+ 
fl~
1{(

~~
q) L~1 n+J 

~~~~~~~~~~~ 
(A

~~~
A t

)

+ ~~~~~ _ 1> k +j  3k+j -q  
(A .A - B .A)1~ 

( _ 1) q~~~~fl5-
k=o 3~~k 1~~~ J_ q  kj  t kj  j ~

Because of the multivaluedness of the logarithmic singularity it is

necessary to set ,fl.. ( A )  = 0 . To cance l  the poles a t  z = t~ and

z’ = we ask t h a t  the coefficients of (z—~ )~ ,

(p1 ,...,n) vanish. These latter conditions provide us with so-

called Goursat data for the A., B~ coefficients in the repre-

sentations (1.9). Setting (1.7) into (1.10) and (1.11) we ot,tain

the following conditions which A 1 (z ,z* ;~~..ç *) must satisfy

~‘ k ’ n . k +j - p  —
(1.12) 

~ J ~ (_1) k+J 
k- —p H . ( c , z *)  A (~~, ;~* ; ç , r *)  0

k p P1 j=o ~z 
1

(p=i ,2 n), z = r~

anti

- 5- - 5- 5 - S ~~~~~~~~ 5-~~~~~~~~
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(1.13) ~ ( i )  ~ (_1) k+J ~k+j q 
[A . (z,~~*) A (z,c* ;c,c*fl 0

j=q q k=o ~~k~ 5
,J_q L kj 1 j

(q= 1, 2 n ) ,  z~ =

We recall  t h a t  condi t ion  (c -2)  implies t hat

(1.14) A .(~~,c* ;~~,~~*) = 0 , for j 1 ,2 ,3 

( p , q = 0 , 1, 2 , . .  ., 2 n — 3  , w i t h  p+q f. 2 n — 3 )

In order to show tha t  A1 is a c t u a l l y  the R i e m a n n  f u n c t i o n , i t

is s u f f i c i e n t  for us to show tha t  the above cond i t ions  are equ iva len t

to the c h a r a c t e r i s t i c  condi t ions  which u n i q u e l y  de te rmine  it. We

recall from VEKUA (22 J , Chapter V , the following conditions imposed

on the Riemann function R(z ,z* ;C , *) and for convenience we label

these conditions using his equation numbers

(37.28) M* (R] = 0

k k
(37.29) ~~~~~~ (z,z’;~~,t ’) = 0 , ~~~~~~ (z,z*;~~,~~*) = 0

az 
~~~~~~

(k=0,l ,2 n—2)

(z,z’;~~,ç ’) X(z’,ç ’,~~)

(37.30) z=c

n—i
(z,z~~;ç,ç ’) = X* (z,c,C*)

z*=~ *

Here X , and X* are solutions respectively of the ordinary dif-

ferential equations

‘~ (_1) k 

~~ JE’ [A k (~~
,z*) xl = 0 , and

(37.31) k=o 3z’ L

n k r
~ (_])k 

~~~ Ak (z,~~*) X*~ 
= 0

k o  ~z L J

Furthermore , X and X’ are seen to satisfy the intial conditions

5-

~

5 - 5 - S  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — .  ~~~5~~~5- 5 5 - — - — .  - . 5- . .
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( ... ,..* . . ) j  =

(37.32) ~~~~~~

(~~ 0 ,1 , . .

= 0 , 
“ ( . ~~~~ , , :. ‘ >  I.

1 o  not that A , ( , . * * ‘ a u t o ~r c  . 5 - l i  ly s. i t  s ’ s  ‘~ 17 . 3)

(37. -) ) , ( 3 7 .  3 2 )  b’. V L I  t i .  ot  c i i~ C o i l  .110115 (c—I) and ( c — .t ) . ‘l’h is

5’.n’,.~ e5 t 5  t h a t  we ch,s s’ii to ~~~ . ‘ , u i f l j n . . I  ,_‘ d i tj o i o - ; ( 3 7 . t O ) ,

( 3 7 . 3) are coos,i t i. b le w t h ot~ . U i n  ( 3  7 .  ,~ 1 Ii I s a  t I ’l l  W I  th

i-o n d i .t i o n  ( 1 .  1 2)  s’’ ob t a : n  for U 1

5 
~~~

• H 1 + 1— p  —

( 1 15)  ~ ( 1 ) fl 1 

• ~~ 
I ‘i ~ ) 0

In t he  case where p 1 , ( h i  S

~ ( 1 ) ~~ f 1  
n -I .  

( a _ I )  3 1 [?1~ 1_ 
.~ . (z ,~~~~l 

~~~ 1 
( . ,~~~~* ; ‘ H ,’ ) l

~ ~~.. I 

~~~~ 
I I )  

H
( 1 . 1 6)  11k ’ 

. 
‘ ‘I 1

= ~~~( - l ) J _ . .~~~~ A . ( ç , Z *) .~~~~: , ( ..,..* ;~, . * ) I  0 .
3 - U ~~~

S .  Stl ien t ieviri I ‘ : in ’or . ;r I  I A 1 wi t h . ,nH t I n t  t t v i n ~ t b ’  ( n — I l

,h’riva tiv. w~ th t o ’ ;j ’ . ’~ -t  t o  it as  X as s i t v O n  t n  ( 3 7 ,  b t )  , ( 1  . l t ’ )

becomes the irut 01 i : . 1 t  ions (37 .31). U,n ’ , . t i  i t I s I  t h i ~ ; an a ly s is

w i t h  (1.13) and  i , ie n t . i f ’s ’ i i t ,’ X~ as l ie  (n—i) 
st  

d’r 1 v a t  i v ’  w i t  h

r i ’ : ;t e c l  A ( 3 7 .  30 )  v i o l t s  likewis,’ H;’ se o ; t . t  o t i . ; t  S O t  ‘1

(37.31) . T h i s  r’ x h . l t I i ; t a eec s — o n d i  I 101’sl  01;,~. I e t V , ’ ii us  I 1, ’’ ’ ( s ’ 1m155’n , ’

the t I l t  t i i ’~~. t I  • i n i t i a l  o ü n d i  t t o n s  on X . t t i . t  X~~ p1 ,‘i5’l l , s t  I .’’,

I I. •l 7 )  . W . cetic I i s le  t hit we a r i ’ p e r m i t  i ’d to  1. - n t  i l l ~. R

j~~.fl55~~: T i e  i r it . cos f i s i  i n t  A 1 ( z , * * ) 1 0 1  Ti i i  1 1

r o e  i t i t  i . n  ( 1 . 7 )  i t t _ i ’  Is I .1 1 5 - 0 1  1 -~ I b’ .’ IC I I ’ S ’ ’ . Si :; I I t s ;  I I 0. i ’ ’ . ’ ’  l i t  ‘‘S t

- -~~~~~~~~~ — - —  5 5 - -  . 5 - - — .— ~~~~~~~— 5 - . ..~~~~~~~~~~ - —
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with M (u J = 0. The c o e f f i c i e n t s  A ( z , z ’; l , c ’) ,  p 2 ,

d e t e r min e d  r e c u r s  iv e l~~ l v  t b ’  n en h om e ee nt ’out ;  e~j_u a t _ions

(1. 17) M c ( A )  = Ld ( A ]

a nd t he  h ’;is t e s i ’u ;; ( , s O l I ’ I i i t  d a t a

I
A (z , z * ; i~ ,c c )  = 0 , 1=0 , 1 • n—i

Dr
.5- — .

(1.18)

A (: ,z * ;t~,l* )  = 0 , 1 - 0,1 n— i

Pr ~~c f :  S i n c e  S = A log + B s a t i s f i e s  the  a d j oin t  egu a t i o n , i t

f o l l o w s  t h a t .,~t [A ]  = 0 .  Th i s  in t u r n  impl ies  M * (A 1) = 0 , and

= L* (A I , ( 3 = 0 , 1,...). A moment s reflection concerning

our condition (c—i) indicates that it can be satisfied using the

above c o n d i t i o n s  ( 1 . 1 8 ) ,  w h e n  A 1 is t a k en  to be t he  R i e ma n n

f u n c t i o n  f o r  M I U I  = 0

11. DETFRt’ISNATldN OF’ TUE COEFFiCIENTS A ( z ,z’;r.,l )

The series representations (1.9) for the coeffici ents A and

B of t l i ; ’  s i n gu la r  so l u t i o n

: A ( z , z ’, t ; ç ,~~’, s)  In + B ( z , z * , t ;~~,c * , T )

sugqest that we try to determine A~ and B~ s u c c e s s i v e l y. To

this end we develop a Green ’s formula based on the formal identity

( 2 . 1 )  V M [ U )  — U M~~(v ]  -~1-( z ,z ’) +

where M and 11* are g iven by (1.4) and  ( 1 . 7  and

n k — i  .1 p k 4 7 — p — l
( 2 . 2 )  P H , z *)  : ~ (_1) P 

~~~~~ 

(y A
k . )  5-

)= o p=o D z
k=l

and

Ii j 1  qi k
I (~~, c ’) : V ~ (_ 1) k + q  

~~~~~~~~~~~~ 
(VA 5-

—- 
U

k~~o q~~o 1~~~s1 7 . k k~ 2 , ~~j — q — l

j=l

. 5 - . ~~~~~~~S _
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If is meant as the 1’I o p e rat o r  w i t h  s, ~~ r e t  l a - m y ss , z

then , setting U (s,s*) : A
1 
(2 ,2 * .s,S * ) a nd  n o t i n g  H ; , i t  A

1 is  al so

a solu tion of M [U] = 0 , t h e  jiti rs tity ( 2 . 1 )  y i e l d s

( 2 . 4 )  — U(s ,s ’) ~t * [ V )  S (s ,s*) + (S ,s*

Leir.’sta : The  c o e f f i ci e nt s  A~~4 ~ 
(s: , * ~~ , ~~) s oy  1 0  f c ~~’;~~~ I I ,1 .1

mined by the  r e c u r si v e  itcio n,

A 1 (z  , z~~ ç, ~* )  = ds~ ds A 1 (z , ::* s , s~~ ) ~~~ ] . ~ (~~ s* ; t ,  t~~ I

( 2 . 5 )  
J
1* ~~ p = l , 2 

Proof : Integrating (2.4) y i e l d s

r t~ 12 rz  (Z
— ds * ds U(s,s*)  ~ * [ \ , ] = r ( z,s* d s * + S

J
; * 

i~

—

w i t h

= ( p ( ~~,~~ *) ~~g * — 1 *
J j
1* ç

U s i n g  t h e  c o n d i t i on s  ( 3 7 . 2 9 >  and rec ’illlllq U : =  A
1 , w~ can

5 r ip i  i f’s’ the i r i t & ~~ r al .  of P above as

n .~n — 1 + j ~ 1 ~~( 2 . 6 )  l~ (z , s *) ds * = I V ( z , s ’)  A . (5 ,5* )  5 

•~~~J_ o  7 5 - . .  -.5

According to VEKUA [22 ) we row idess t i t y  t h e  i t s

( 3 7 . 1 0 )  c ( s * ; z , z *)

which , lu t h e rmo r e  , s a t i s f i e s  an ord i n or ’s d i~ i r e n t  s i t  i p so t i on

n n - i  rn
( 3 7 . 9 )  ~~~~~~ + A (~ t ,~~~) 

~~~~~~ = 0
- II fiSt . . SIu.. m=o

~~~~~~~ ( 3 7 ~~) ) ,  t h e  r i q h t — h a r ; 1 s id e  ( .‘ . i. ) i s  seen t o  v, n s!;

-, 1,n to 5- i l  l y .

- 5 - - - -5- -—  5 — -
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We next turn our attention to the P* _integral , and note t ha t
3 j — q — l

(37.29) implies that ).q~ l (s *z *) = 0 • except for q = 0, j — n.
az*

Hence

~~ ,z*)ds = 

k~o 
[vs~z*) Ak (s ,z*)]

(2.7)

~~~~ U(s,z*)~~~ds
az *~~

1 
J

The associated functions

n-i
( 3 7 . 1 0 )  g * ( s~~z , z *)  :

s*=z*

are known ( 2 4 ]  to s a t i s f y  the o rd ina ry  d i f f e r e nt i a l  equat ion

(37.9) + 
n~ l 

A (s ,Z*) ~ —~~--— = 0
dS n 

~~~~~~ 
mn dS~

and the initial conditions

a *
~~ (s;z,z~~) 

= 0 , (2 . 0 , l n — 2 )

(37.11) 
s=z

n-la ( s ; z ,z*) = 1

s=z

Consequently, after some regrouping, it may be seen that

p* (s ,z*)ds 
k~ lf 

~~~

{

~~~~(_l) L+k 

~~ [V s
~ z* Akn (SA z*)]

~-_,9_* (s;z ,z*)

(2.8) 
as

n-i
= ( _ i ) 2 ° 1 V ( z , z *)  A n ( Z ~~Z *)

= — V(z ,z*) + Q * ( l ; z , z *)

where
n k - i  k _ I - I

- ~ ( _ 1 ) i + k  
~~

- .

~~~

_-
~

__ [V ( ~~ , z * )  A
k (~~

,z*)
k=]. I=o ‘Is L n

( 2 . 9 )  9.

- - -~~~~~~~~~~~~ - - -  - _ _ . ._- --. . -- _ -5--~~~~~~~~~~-- -  -- - -~~~~~~- -- ----~~~~ . -~~~~~~~~~~
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Putting together the above terms we note that the following r.•pre-

sentation for V (z,zd ) has been obtained

V (z,z*) = Q*(C;z ,z*) —

(2.10) (zA 
~

+ j ds* j ds A 1 (z ,z*;s ,s*) Md (V(s ,s*))

Set t i ng V ( z , z * )  : A
1 (z,z

* ;~~,~~*) and r e c a l l i n g  the  i n i t i a l  con-

d i t i o n s  ( 1 . 1 8 ) ,  we conclude Q*(c;z ,z*) 5 0 . The e x u l e u n i o n  f o r

Q (z,z * ;ç,~~*) may also be seen to v an i s h  ld, :sticatly by v i r t ; . ’  of

the  i d e n t i t i e s

- n k — i  1Z * C. r-
p (~~,s*)ds * = ( — l ) ~~ dn A ‘ A , ,  (1,s* ;r ,1 * ) ;

~~~~. (~~~j * )
j=o 9.=o Ds 

~k =
k + j —  i- i

0

and
,‘Z n j — 1  k + z

= 

~~~~ q~~o
NU q f ~~

\ . .j — q - i
t1 (s ,s,~~) d s  5 0

J j 7z *~~~~0 1

Our L e mm a  is proved at t h i s  p o i n t  by r e c o q n iz i r t q  t h a t

MA (A
1 

=

l emm a 3: The c o i f f  ~c ion t s  A
1 
( z , z~ r , ~~ ) m ay  be ; osr~y;s te,t

r e c u r s  iv~j~ C

(2.11) A~~ 1 (z,z* ;~~,4 *)  = I:;~ J d s  A ( z , z * ;s , s *)  I~~ [~ 
(.;  ~ . ; t , ,r * ) 1

p l , 2 Furthermore , t h e  s e r i e s  r ep r e s e n tat i on  b r ’

A ( z , z * , t ; c , 1 * , S)  c o n ve r s e s  u n i f o r m l1 in the d o m a i n  ( ; .  h A  .

w h o r e  G is t b ; .  0~~ - s . ; ; ; ;  of  r e ; s r l , i r i t v  of i b ~. ‘ ‘ . 1  t i c I . ’ t ; t S i n  I s ,

x—y ; c c ; r l s t s l r  .n; s t u b  T i s  a 0 ;  ti i i ;  I ’  e c ’ s i i ’ I , ’ t ’ :  I

15 - r o b  Bo il ) i s  I ‘ C , . ‘ I L o: t , I  I. ’ , s. i’ic’ ’ t h a i  5. - soy

W I  i t”

- -
_,- -
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A 1
(z,z*;S,s*) LA tA (s,s*;ç, ç*)) _ A

~~(s~ s* ;c.t *) LIA 1 (z,z*;s ,s*fl

n— i 1k—i 
~ 

k+j— 9.— 1_
~~~~f~~~~~(-l) ~

__
~ [Ap (s~ s*;1~~c*) ek j (S ,s* )]__

~~_~~
5-r____

j~ A l (z , z * ;s ,s*)

n-i k D ( j i  
~~~~~ ~

) _ m _ 1
-~~~~(-1)

Integration gives the following identity

dS * A 1 (z ,z* ;s ,sd) ~*(A (s,s*;~~,~~*))

ds~ j d s Ap (S . s * ;~~ .~~*) L (A 1 (z,z*;S ,s*)J

1* ç

+ H + 11*

where

n—l k—i Z~~ ~ k+j—t— l
H : — ~~~~~ ~ J:s*{~~~ [A

(s i s*;1~ c*) Bk .(s
~ s*)] as~~

t
~~ as~~

(2.12) ~ S Z

A ( z ,z* ;s ,s*)

and j

[Tip (55 * ;~~~~*> Bkj
(s A s*)]

( 2 . 1 3 )  
~ j ” m l 1 s*=z *

A (z,z*;s ,s*)1
S A Ss . 1~

Using the conditions (1.18) for A~~ 1 and (37.29) for A 1 , the

terms H and HA are seen to identically vanish. This establishes

the recursive definition (2.11). To show that the si-iii’ s for A

converges we note that according to VEKUA (22) , j ’. l8b A 1 (z,z* ; 9 ,,  ~* )

is dominated by

- .* _ ~ 
n i

- -- 5-a” _ _ ._ L in (C GA )
I i  it- ill

- - - - - - 5 - - -. - - - - -~~~~~~~~ - -
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C o n s e q u e n t l y ,  u s i n g  ( 2 . 1 1 )  i t  f o l l o w s  by i n d u c t i o n  t h at  S

( 2 . 1 4 )  A~~( z , z * ; 9 , , c *)  ~ c ~~~~~~~~~~~~~~~~ L (A 1 ( 
p-l

( n + p - 2 )

where

1 LEA 1) : Sill) f t ( A 1 ]
(C

and
C : sup

((I ~

From ( 2 . 1 4 )  i t  i s  i - l e a r  t h a t  the I ; .r i e s  f o r  A c-env i i s t 5 ;; i n  t b ; ,

u t a t e d  d o m a i n .

I I I .  I ’ E T i - : i C t I I N A ’ I I O N OF f l (~~,5* ,~~ ;~~ ,9,* ,T)

From ( 1 . 1 0 )  we o b t a i n  as t h e  p a r t i a l  d i f f e r e n t i a l  & - s u a t i o n  f o r  H ,

(3.1) j~((H) = — ‘n 
— m A

where ‘n and ~~~ are g iven by (1.11) and (1.12) respectively.

P u t t i n g  the  S e r ie s  expansion (1.8) for B into the left—hand s i d e

of ( 3 . 1 )  y i e l d s  t h e n  a recursive scheme for the cue t’ficients It.

n a m e l y

(3.2) M A I D ] = ~~~~~~~~~~~~~~~~~~~~~~~ := 
~ ~~~~~~~~~~ ~ ~ . 

( k )
p l  ( z — 9 , ) 1 p

~~~~~~~~~~~~~ ~~~~~~~~~~~~ 
(A k . A l )

~~

q~~1 ‘~~~~~ 
{j ~~q 

(
~

) 
k~~o 

~~~~~~~~~~ (A kj A u
)
~~~~

(3.3) M* (BZfl l f 9.
( n , z * ; 9 , , 9 ,* )  : L* (B9.

J _ ~ ~~~~ ) (—i)~ -
~~~~~

-
~~ 
(A .A

9.~~1
)

-

~~ :~ 
~~~~~~~~~ LI. 

{k ~~P 
(
~

) 
j~~0 

~~~ )
k+ 1 

~~~~~~~~~~~~~

- 

n - i  
( k ~ 

( 1 )
k 4 1  ~~1~~

1 
( i t , . s

~~~) +
P ; , . * —

“ - — -5-— - --



k 
63

n k
— 

i (n—i ll 
~ (_],)k ~ (A A

2 ~~A_ 9,A )
n k~o 

kit

- ~ 
n-l >_ 1> q ~ ~ (1)k+3 D 

_____ (A A2 q 1  (z*_ (*)Q ~~i=~ 
q~ k=o ~~~~~~~~~ kj 1+1

~ 
(
~

) 
~~~~ ~~~~ 

(B
kJ

A 9. ) 

If we specify that the E3~ satisfy the homogeneous Goursat data

k = 0
z*=4*

(3.4) 
akB9.(z,z* ;C ,9,*) 

= 0 

k = O , 1, 2 , . . . , n — 1

1=1 ,2 

then
( Z A IZ

= ds* 
J 
ds f9.(s,s*;ç,r,*) A1 (z ,z* ;s ,s*)

1=0, 1 9,

The majoration for the B9.~ 1 , while technically involved , proceeds

by the usual methods (10), (11], (8 1.

We sum mariZe the discussion of Sections II and III in the fol-

lowing theorem.

Theorem 1: Assume that the coefficients A )k. ~~k 
are

functions of two c e i ; u l . x  ‘s~ i . 1  z, Z~ in the ~~~~~in~ er D~ D* .

Then A (~~,~~* ,t;9,,ç* ,t) and 13(z ,z* ,t; 9,,9,* ,1) are analytic functions

of ~~i~3j5 six i T s h L~
’ c ; . l ’ l ; t  v a x i a b l es  f o r  al l  (~~~~~~~x) t, t , and

f D , Z ~~~, 9, * ~ . Moreover , both A and B can be ~~~~~~

seii t e s l t y  a uit . i. I ’ r s - l y ‘ , ‘ s v ; i s ’ s ; t  se r i e s  e x p a n s i o n  in the  f or m  of

( 1. 7 )  ~~~~ ( 1 .  N )  i 7 ~~fl’ s. b i t A’li .

- . . 5- - - - -— 5- - —  —‘ - 5  ..-
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IV.  B OU NDAHY V A L U E  I’ is I ; ! l . ~I ; ;

Wit now proceed to USC t b. ’ f ’ ; r ; S s b . i s ’ . - s s t . , l  aol  a f o r t  1 1 . 8 )  ‘0  f y i - l o p

p r e s e nt a tion s  f o r  I a r i d i t y  v . i I ; s , - 1 , i s b 1 , ’ ’ , . ‘ I f s  t ;i) 1 - ‘ 1, 1 1 5 1 1  s i ; , ’

value problems we will s , .C.. in th e class

(4.1) ~~ := Cu (x,y, t )  : U ~ C 2
~~ (5 T) u ~ 

~~~ ll 
~~ 

. T)fl (I) . T)  I ,

where T : Ct  : 0 • t t )  an ; )  w h i r.- t i s ;  a f s .e.C a r t s .

1V,~ br-g in by considr -i i r i s  th , ’  i d . ’ r i t  i t y

(4 2) 
v6~~~(uJ 

— u~ ..)’((v1 S ~ v I l l u t
) — ~~~

- Cv L [u ~~
) - u~ I~~ Iv) ) • Cv i~[uJ

If we replace v by t h e  f ; ; s . , i ,  ;ne’,st .;l solut ion

S(x ,y, t ;9,, r l, T) A losi 1 + ~

then (4.2) leads to an integral represser;t i t , ion t s r  sso lu t jOils which

satisfy the homogeneous initial data u (x ,y, o)  = 0 i n  H , r-i a i r ; e ly

(4.3) u (9,,~~,i) = 
1 

2 dt Cl[u (x ,y, t), S (x,y, t ;9,,9,~~)
2i( (n—i)!] o ~an

~
k+J

Here II is a bilinear form in k • k ’  (k+ j a 2i;—l) as
Dx Dy 3 i x

3 k + j
well as ——— ~~

——
~
4-.- , —~~-----—‘- , ( k +j  < 2n— 3) . The lnt r r o b u s t s o n  of a

Dx D y 3 Dx Dy 3

spec i a l  , G r o i n — t y p e , f u n d a men t a l  solution , ro s u t - l y  one  w h i c h  s at  i

Lies on 3D
as

( 4 . 4 )  St 
= 

~~~~~~ 
= = n _ I

t = 0 (v = i n w a r d  n o r m a l )
Dv

permits us to reduce the bilinear form H ( , j to the  cast’ wli. ro

only the boundary data of the first kind
+ n — i  -+

(4.5) u~ = f - ---
~

_ .
~~~~

. = f on 3D

;ii’ju s; rs.

T h i n  l e p r t - s . ’  n t  a t  ,5- rs is  more  e a s i ly  co n r O s t  ed u s i r s i t h e  s s ’ T ’ ( ’ l . ’ X

ne t , it i o n .  To t h i s  end  s; i i cot l I the i -1 -rs ; r i t  t r y  O n t  i t  i t s ; ,

- . ---  _
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d - 3k + m + l  + 
dz 

+ 3k + m + 1  + 
dz *

ds 3 k 3~~ m) 32~~~l 3~~~m ds 
~~~~~~~ ~~~~

(4.6)

d
k
u — .k k 

—l k—f k1
1 3k 

+ 
Id?. k— 2Q

— 1 

9L~o 
~ 

~~~~ ~~~~~~~~~~~~~ ~ds

which hold on 3D. The first two brackets of ( 4 . 2 )  we compute

directly as

( 4 . 7 )  {:t::t~ 
~~ Ut

M * [ V
t

) )  - (V L i u t ) - U~ L* (VI)

32 * •

where
— n k — i  I 3

k+J_ Z_ l
u

P : ~ (— l)~~ ~~~~~~ 
(V Ak .) k-I—

S k=l 1=0 3z 3z Dz*J
3 0

(4.8) -

n—i k—i 3k+J—9.—l u
— V V , .,.i t 1 3  t

S 1. ‘ 1’ k ’ k — I — ik 1  1o  D z ~ D z 3z~~
3= 0

- a j - i  m+k 3 1 IS

pA : ~ (1) k ~ (flm 3 (V tA k .) 

~ “ m ’ ~’k=o mmo 32 * Dz -~

j=1
(4.9)

n — i  j - 1  rn +k
- ~ (_1) k ~ (_1) m 

~ 
(V B

k
. )  

~~~~~~~~~~~~~~~~m=o 32 * 3z
j= 1

Then (4.3) takes on t he  f o r m

(4.l0~ U ( z , z * , 1) J dt J N ( U , S) . l s

where 0 3D

(4.11) N (u ,v) : ~~~~~~ — ~~ * 

~T h i s  i n  turn may is.’ expr .-ssod in terms of t , l i i h , i ; i  i - i l  and  11011101 1

s le t  ivatives of t he d at a  u s i n g  (4.6). Wh, ’n S is ‘i h i , - .- i t  ‘ S f u n c t i o n,

t h e n  (4.10) is d i r e c t l y  - v a l u a t ; - ,I irs terms of (4.5)

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.. _______________
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